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Abstract 

Free evolution for quantum particle in general ultrametric space is considered. We find 
that if mean zero wave packet is localized in some ball in the ultrametric space then its 
' evolution remains localized in the same ball. 

(N . 

1 Introduction 

in 

One of interpretations of ultrametric (in particular, p-adic) quantum mechanics is the description 
of matter at Planck distances. In the present paper we find that if mean zero wave packet is 
localized in some ball in ultrametric space then its evolution remains localized in the same ball. 
In this interpretation quantum wave packet at Planck distances remains localized in space even 
for free particle. This property has no analogs in real quantum mechanics and characterizes 
qh| ultrametric quantum mechanics. 

We consider ultrametric quantum mechanics with real time and ultrametric space. Quantum 
mechanics with ultrametric (p-adic and adelic) space was considered in many works, see for 
example [l]-[7]. p-Adic and adelic models in string theory and cosmology were developed [7]— [11]. 
For these kind of applications it is important that p-adic numbers are non-archimedean and have 
no order, which corresponds to presence of physically fixed Planck distance. Presence of a natural 
distance scale is a typical property of ultrametric spaces. 

Physical consequences of violation of the Archimedes axiom (in particular, for measurement 
theory) were discussed in [6], [7]. However, p-adic numbers still have the group (and the field) 
structure. Existence of such structures at Planck scales could be also questioned. In the present 
paper we consider quantum model, for which space, in principle, does not permit any group 
structure, and possesses the only property of ultrametricity (which can be physically justified by 
existence of fixed Planck distance). 
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2 Free ultrametric particle 



We consider the ultrametric quantum particle propagating generic ultrametric space, which in 
general has no any group structure. The dynamics of the particle is described by the ultrametric 
Schrodinger equation (1) below. The main observation of the present paper (which is valid also 
for the particular p-adic case) is that ultrametricity of the space implies the new phenomenon - 
localized in space mean zero wave packets remains localized for any moment of time. Here we 
assume that time is real but the same observation is valid for the case when both space and time 
are ultrametric. 

The model under consideration is as follows (see the Appendix for the details). Consider 
product X x R of ultrametric space X of the analytic type and the real line R, with the coordinates 
x and t correspondingly. Consider ultrametric pseudodifferential operator D x of the sup-type (see 
the Appendix), acting on functions in L 2 (X,u), and the ultrametric Schrodinger equation with 
real time 

(ihd t -h 2 D x )v(x,t) = o (l) 

Equation (1) describes free quantum particle in ultrametric space and real time. One can also con- 
sider ultrametric quantum particle in potential, described by the following ultrametric Schrodinger 
equation 

(ihd t - h 2 D x - U(x)) *(x, t) = 

In standard quantum mechanics to obtain localized in space solution of the Schrodinger equation 
one have to consider Schrodinger equation with potential. In ultrametric case we obtain localized 
in space solutions already for the free case (1). 

Existence of localized solutions of the ultrametric Schrodinger equation is related to the fact 
that ultrametric pseudodifferential operators (for example, the Vladimirov operator of p-adic 
fractional differentiation) has bases of eigenvectors with compact support. The example of bases 
of this kind are ultrametric (in particular, p-adic) wavelets. 

Let us first construct an example of localized solution of (1). Consider ball I C X and 
the ultrametric wavelet tyjj(x) supported in this ball (see the Appendix for the construction of 
ultrametric wavelets). Let this wavelet be an eigenvector for D x , corresponding to the eigenvalue 
A/: 

D^uix) = \i*ij(x) 

Then the function 

$f(x,t) = e- iRAjt tfjj(a;) 

is the solution of the free ultrametric Schrodinger equation with real time (1). This solution is 
supported on the ball I in ultrametric space X. This solution may be discussed as an ultrametric 
wave packet. 

In general case, expand ty(x) over ultrametric wavelets 

* = E ^ (2) 

ij 

Since the function \1> is mean zero, index / in the expansion above (which enumerates balls in X) 
runs over I <Z B. 
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Solution of the ultrametric Schrodinger equation (1) with initial condition (2) has the form 

*(M)= E e- in ^rj(x) (3) 

IjJCB 

Since ultrametric wavelets VP/j are supported in balls /, function ty(x, t) defined by (3) is supported 
in ball B. Integrating ty(x,t) over B we obtain zero. We have the following theorem. 

Theorem 1 Let ^>(x) he mean zero function in L 2 (X,u) with compact support in some hall 
B C X. Then the solution ty(x, t) of the ultrametric Schrodinger equation (1 ) with initial condition 
^f(x) for arbitrary t is mean zero and has support in the same hall B C X. 

Remark It is clear that the above theorem will also be satisfied for the following ultrametric 
heat equation 

(d t + D x )V(x,t) = 

In the real case all localized at the initial time moment solutions of the Schrodinger equation and 
the heat equation loose localization. In the ultrametric case any localized in some ball mean zero 
function conserves localization at any time moment. 

In paper [1] it was supposed that at the Planck distance scale space and matter are described 
by p-adic quantum mechanics. In this interpretation of ultrametric quantum mechanics we get 
that at the Planck distance localized quantum wave packets remain localized. This localization 
effect which will take place even for free particle and has no analogs in real quantum mechanics. 

Remark In the case, when both space and time coordinates x and t are described by ul- 
trametric spaces X and Y correspondingly, the quantum dynamics of the particle in ultrametric 
space-time is described by the following ultrametric Schrodinger equation 

(AD t - BD X ) V(x,t) = (4) 

Here D x and D t are ultrametric pseudodifferential operators of the sup-type, acting on functions 
of x and t. 

Consider balls / C X, J C Y, and the ultrametric wavelets ^ij(x), ^jj/(t), which are the 
eigenvectors of D x and D t correspondingly: 

D^^x) = Xi^ij(x) 

DtVjj,(t) = XjVjAt) 
Assume that A/, Xj are non zero. Then one has 

{x~, Dt ~ Y^) 'M^'W = 

This shows that the product of ultrametric wavelets is the solution of the ultrametric Schrodinger 
equation (4) for A = and B = jj. The function ^(x, t) = ^ij(x)^ jj>{t) is compactly supported 
both in space and time. This means that this solution describes excitation in some compact space 
domain (in fact, the ball) /, which exists only some period of time J, and vanishes outside. 
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3 Appendix: Ultrametric analysis 



In this Section we put the results on ultrametric analysis, which mainly may be found in [12], 
[13]. We discuss here ultrametric wavelet analysis and analysis of ultrametric pseudodifferential 
operators (PDO). 

Definition 2 An ultrametric space is a metric space with the ultrametric \xy\ (where \xy\ is 
called the distance between x and y), i.e. the function of two variables, satisfying the properties 
of positivity and non degeneracy 

\xy\ > 0, \xy\ = =>- x — y\ 

symmetricity 

\xy\ = \yx\; 

and the strong triangle inequality 

\xy\ <max.(\xz\,\yz\), Vz. 

We say that the ultrametric space X has the analytic type if it satisfies the following properties: 

1 ) The set of all the balls of nonzero diameter in X is no more than countable; 

2) For any decreasing sequence of balls {D^}, £>(*) d D( k+1 \ diameters of the balls tend to 
zero; 

3) Any ball is a finite union of maximal subballs. 

Remind that a directed set is a partially ordered set, where for any pair of elements there 
exists the unique supremum with respect to the partial order. 

Denote T(X) the set of balls of nonzero diameter in analytic ultrametric space X. Consider 
the set X U T{X). This set is directed. The direction if defined by inclusion of balls and inclusion 
of points into balls. In particular, the supremum 

sup(x,y) = / 

of points x, y G X is the minimal ball /, containing the both points. 

Consider a Borel a-additive measure v with a countable basis on analytic ultrametric space 
X, such that for arbitrary ball D its measure v(D) is a positive number (i.e. is not equal to zero). 

Consider a basis of of ultrametric wavelets in the space L 2 (X, v) of quadratically integrable 
with respect to the measure v functions. This is a generalization of basis of p-adic wavelets [14]. 
Generalization of p-adic wavelets onto the family of abelian locally compact groups was performed 
by J.J.Benedetto and R.L.Benedetto [15]. 

Denote Vj the space of functions on the absolute, generated by characteristic functions of 
the maximal subballs in the ball I of nonzero radius. Correspondingly, is the subspace of 
codimension 1 in Vj of functions with zero mean with respect to the measure v. Spaces Vf for the 
different I are orthogonal. Dimension of the space Vf is equal to pi — 1. 

We introduce in the space Vf some orthonormal basis {ipij}, j = l,...,p— 1. The next 
theorem shows how to construct the orthonormal basis in L 2 (X, v), taking the union of bases 
{ipij} in spaces Vf over all non minimal /. 
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Theorem 3 1) Let the ultrametric space X contains an increasing sequence of embedded balls 
with infinitely increasing measure. Then the set of functions {ipij}, where I runs over all non 
minimal vertices of the tree T, j — 1, . . . ,pi — 1 is an orthonormal basis in L 2 (X, v). 

2 ) Let for the ultrametric space X there exists the supremum of measures of the balls, which 
is equal to A. Then the set of functions {ipij, A~^}, where I runs over all non minimal vertices of 
the tree T, j — 1, . . . ,pi — 1 is an orthonormal basis in L 2 (X, v). 

The introduced in the present theorem basis we call the basis of ultrametric wavelets. 

We study the ultrametric pseudodifferential operator (or the PDO) of the form considered in 
[12], [13] 

Tf(x) = J T(sup(x,y))(f(x)-f(y))dv(y) 

Here T(I) is some nonnegative function on the tree T(X). Thus the structure of this operator is 
determined by the direction on X U T(X). This kind of ultrametric PDO we call the sup-operators 
(or operators of the sup-type). 

The next theorem shows that the basis of ultrametric wavelets is the basis of eigenvectors for 
ultrametric PDO of the sup-type. 

Theorem 4 Let the following series converge: 

Y,T(J){v{J)-v(J-l,R))<oo (5) 

J>R 

where R is some ball in X. Then the operator 

Tf(x) = J T(sup(x,y))(f(x)-f(y))dv(y) 

is self-adjoint, has the dense domain in l?[X,v), and is diagonal in the basis of ultrametric 
wavelets from the theorem 3: 

Tfrjix) = hfrjix) (6) 

with the eigenvalues: 

Xj = T(I)u(I) + £ T(J)(v(J) -u(J-l, /)) (7) 
j>i 

Here (J — 1, /) is the maximal subball in J which contains I. 
Also the operator T kills constants. 
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